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FACTOR DEMAND FUNCTIONS FOR 
CANADIAN INDUSTRIES, 1946-1969 
vy 


A.D Noodland* 


Introduction 

Recent years have seen rapidly increasing interest in the 
development of new functional forms which may be used to describe 
production functions. These functional forms provide an escape from 
the narrow class of CES (constant elasticity of substitution) functions 
which are particularly restrictive when the number of factors exceeds 
two. While the new functional forms provide increased substitution 
possibilities, the number of parameters is much greater and this 
reduces degrees of freedom in their estimation. 

Associated with the development of new functional forms for 
production function has been renewed interest in the duality between 
production and cost functions. This duality,developed by Shephard 
(1953,1970) and Uzawa (1964), is useful for present purposes in that 
it’ 'says that’ rf we have a functional form fo, a cost function satis- 
fying certain conditions (such as concavity, linear homogeneity in factor 
rewards, monotonicity), then there exists a production function which 
satisfies all of the conditions imposed by economic theory and which has 
as its corresponding cost function the cost function we began with. Thus 
we may specify a functional form for a cost function knowing that there 
is a well behaved production function, perhaps not analytically tractable, 
underlying it. We only have to assume that the proaucer 15 a4 tactor 


reward taker and a cost minimiser. 
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If the cost function is differentiable then the factor demand 
functions may be easily obtained from the cost function as the partial 
derivative functions with respect to factor rewards. This result is 
known as Shephard's or Hotelling's Lemma, | which, in conjunction with 
the duality between production and cost functions permits us to by-pass 
the production function and use the cost function alone in deriving factor 
demand functions. 

In this paper an attempt is made to estimate demand functions 
for factors of production using the theory outlined above. This attempt 
1s important in several respects. First, more than two factors of. pro- 
duction are considered. At this stage of the project we consider just one 
labour type and, depending upon the industry, from two to four capital 
types. Thus it is an attempt to move away from the one capital one labour 
division of factors. Second, application to 10 industrial divisions is 
attempted. Usually applications have been restricted to the manufacturing 


sector which is an important but clearly not the only source of demand for 


factors. Third, it provides a test of the proposition that there exists an 
aggregate (industry division level) production function having the properties 
of an individual production function. Fourth, it provides tests of various 
restrictions on the nature of the production function. Finally, estimates 
of the direct and cross elasticities of demand for factors with respect to 
factor rewards are obtained. 
THEORY 

In this section we briefly describe the method used in the esti- 
mation of the factor demand functions. First we specify a functional form 
for the cost function, then derive the factor demand functions and various 


other functions, and finally we indicate the method of statistical estimation. 
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The cost function is assumed to have the following form essentially 


due to Diewert (1971): 
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is a vector of fac i= as 
tor rewards and the 8; (420) cas, alge ee are 


parameters. The factor demand functions, obtained by partially differenti- 


ating with respect to factor prices, are 
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where a, = x, /y is the input of factor 1. per unit of output. 


It should be noted that the cost function is homogeneous of degree 


one in factor rewards, and if Bs Rete 0 i=l,...,n it is homogeneous of degree 
3 


one in output as well. Also if ee for all 1,j=1,..,n, 123 then concavity 


in factor rewards and monotonicity hold over the whole domain of positive factor 


rewards. 


The elasticities of demand for factors with respect to factor 


rewards are 


1 
aa. ;. ey She j=l, aegis 
Se GR a . Bs. (w./w, ) i a ae n 
a, (W,ysZ) 

n 
€..(w,y,z) = -2 e.L(Why,2) i=l, yn 
did oe jei 1) 

jet 


while the Hicks-Allen elasticities of substitution are 
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The cost function being a second order approximation to any cost 
function, can at the point of approximation describe any arbitrary matrix 
of substitution elasticities. Furthermore, given the parameters, the 
elasticities vary around the isoquants and from one isoquant to another. 

For estimation purposes the relationship between observed factor 
rewards, output, and the technology index and the input-output coefficients 


is assumed to be 
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wherecthé| subscriptattstdenotes*the ¢th observation and Use is a random 


error term. The stochastic assumptions are 
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Wierer’E as the expectation operator and 92. 1S a positive definite matrix 


of contemporaneous covariances between the n disturbance terms. 


That is, we assume away the existence of autocorrelated disturbances but 
allow non-zero contemporaneous covariances between the disturbance terms in 
the different equations. We also assume that the explanatory variables 

w,y,zZ are independent of the disturbance terms which by-passes the simultan- 
eous equation problems. Justification for this is more clearly established 
at the industrial level than at the national level if we believe that the 
factor markets are nation wide and that no one industry can exercise monopoly 


power in the factor market. Then we can treat each industry as a price taker. 


Since the demand functions are connected via the covariance 
specification and by the symmetry constraints the equations should be 


estimated jointly using Zellner's (1962)generalised least squares method.“ 
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Qur procedure is as follows: [Estimate 2.6 using Z = J without imnosing the 
symmetry restrictions; use the residuals tocompute a consistent estimator: 
F for 2; apply generalized least squares to 2.6 once again but now using 
3 as cnie covariance matrix. This provides us with estimates for the parameters 
of the demand functions. 

Clearly these estimates may not satisfy the symmetry condition 


imposed on the parameters by the cost function. In fact, given the para- 


nets of the demand functions we may ask whether they could have been 
derived from a cost function. The answer is yes if and only if the symn- 
etry condition is satisfied. Thus a test of the symmetry condition is a 

test for the existence of a cost function and hence, indirectly, for the 
existence of a production function. This test, carried out using the norm- 
ality assumption viathe jFy.distribution, is“strictly applicable only if 

2 is known but may be applied as an approximate test using asymptotic theory. 
Thiseappines to all our tests. 

It is of some interest to know whether the input-output coefficients 
are independent of the level of output. In the symmetric case the independ- 
ence implies constant returns to scale in production. At the aggregate level 
we know that identical individual miedection functions, the possibility of 
"in-action", and the existence of free entry into a perfectly competitive 
industry implies that the "aggregate production function" will exhibit con- 
stant returns to scale. By testing for homogeneity we are effectively test- 
ing this collection of assumptions. The test is whether or not Cl = 0 
for all i. Clearly, if symmetry is not assumed, the test cannot have this 


same interpretation since then:a production function does not exist. 
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The nature of technological change may also be examined within 
this model. Our“index 1s. very crude being, simply a linear time variable. 
The hypothesis that technological change has been eth may be tested by 
testing whether Boe for all i. This test may be applied 
whether or not symmetry is imposed. 

Finally, we may wish to test whether the input-output coefficients 
are independent of factor rewards. In this case symmetry is trivially 
forced so it is a test of whether the production function exhibits substitu- 
tion possibilities as opposed to a Leontief technology. Here we test the 
Testrictien tier oa Oi Le] UP She eng Ts 


The: various’ restriction tests are illustrated schematically below 


= No Restrictions | 


Symmetry 
Homogeneity Technological Change Output Independence Technological 
Change 
'Leontief Technology Independence 


FIGURE 1 


3. Data 
The Canadian economy wag divided into divisions according to the 

1960 Standard Industrial Classification. There are 11 such divisions: 

Agriculture; Forestry; Fishing and Trapning; Mining; Manufacturing; 

Construction; Transportation, Communication, Utilities; Trade; Finance; Services; 

Government. In this study we consider Be Chee 10 of these divisions over 


the period 1946-1969 using annual data. 


In order to estimate the factor demand functions we need observa- 
tions on output quantity, factor input quantities, factor input rewards, and an 
index of technological, change. for each of the 10 industries. (In the absence 


of a suitable alternative the index of technological change was taken to be time. 
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3.1 Output 


The revised National Accounts” 1926-1969 provide annual time 
Serres fOr‘’Gross Vomestre Product ™at*Pactor Gost; by~lndustry-in“labre 2s. 
Also Statistics Canada provides Indices of Real Domestic Product, by 
Industry in publications 61-506" ‘forthe perrod’1936-1960: ~61=510>for the 
period 1961-1967, and 61-005 (Annual supplement to the May 1971 issue) for 
the period 1968-70. Applying the output indices to the value series we get 
a series tor Kéal Gross Domestic’ Produet at Pactor’C6st}4by™industry*in 
terms of 1961 (the nee year for the indices) prices. This we use as an 


index of output inthe mdustry - 


3.2 Labour 

There is assumed to be just one homogeneous labour type in this 
study. The numbers of workers in each industry is provided by the Labour 
Force Survey. Statistics Canada also has unpublished data on average hours 
worked per week by workers in each industry. Assuming that the number of weeks 
worked per year is constant at 50 weeks we can obtain time series for the 
number of hours worked per year in each industry. This is our labour input 
quantity variable. 

The wage bill in each industry is obtained as follows. From the 
1961 census ratios of self-employed workers to total number of workers of 
occupation i in industry j were calculated. Assuming that these ratios 
applied throughout the 1946-1969 period, and using unpublished estimates’ 
of the number Ui workers-"Of type? rT! “an*indtstry “j-*2n each year; "a 
final ratio of self-employed to total workers in each industry was 
obtained. Then assuming that the wage bill provided on an industry basis 


in the revised National Accounts 1926-1969 in Table 29 as "Wages, Salaries, 
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and Supplementary Labour Income, and Military Pay and Allowances" applies 

to those workers not self-employed, and apes all workers receive equal re- 
numeration, the wage bill in the Revised National Accounts was "blown up" 

to get a total wage bill. 

On the grounds that such a calculation has greater chance of 
being correct at the aggregate level due to some inadequacies in the indust- 
rial and occupational classifications (eg. mixing of the "establishment" 
and the ''enterprise" concepts) the ratio of aggregate self-employed earnings 
to aggregate unincorporated earnings was assumed to be the 
same for all industries. This ratio was applied to unincorporated earnings 
in each of the industries except Finance to get self-employed earnings which 
were added to the national accounts wage bill to get a total wage Doe OLILCe 
the imputed rental on owner occupied dwellings is included in unincorporated 
earnings in Finance, the original estimated wage bill was used for this 
industry. 

The wage rate per hour was obtained by dividing the estimated wage 


bill by the number of hours worked in each industry. 


3.3 Capital 


Due to data problems only fixed capital was considered, inventories 
and land being ignored. Admittedly, this generates a specification bias in 
the results and also creates problems in the calculation of rentals on fixed 
capital. 

The basic source. of information was the Statistics Canada project 
on Capital Stocks. Some of this information has been published in publica- 
tions 13-522 and 13-543 for the manufacturing sector. The data used here is un- 
published”. The information consists of a purchase price index, a gross invest- 


ment series, and a real net capital stock series for the period 1926-1970 
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for various types of fixed Capital in all industries. This information 


often had to he aggregated to the 10 industrial divisions used in this study. 
eAey: , ae : ee 
HET AY ATOOTe CMT Tae types are defined: building structures CB), 
engineering structures (ES), machinery and equipment (ME), and operating 


Capital (OC). In some industries special capital types were defined. In 
Agriculture passenger vehicles (PV) and commercial vehicles (CV) as well as farm 


machinery (FM) were defined while in Fishing vessels (V), boats (B), and gear (G) 


were defined. 


fo obtain depreciation rates we note the procedure whereby Statistics 


Canada estimated their average economic lives (see 13-522 page 88) and simply 
reverse this procedure. Thus we compute the geometric depreciation rate as 
6 = 2/L where L is the average economic life provided by Statistics Canada. 


For some industrial divisions an average depreciation rate was calculated. 


The capital stocks used in the present study were calculated assum- 


ing a geometric depreciation rate according to the formula 


3.1 Ke #10, + (6) K,0, eee 


where I. is real gross investment, 6 is the depreciation rate common to all 
vintages of capital, and where Ko the base stock was taken to bethe Statistics 
Canada stock at the end of 1926. Note K.. is the stock at the beginning of 


period t and we assume additions to that stock over the year are not used in 


the production process. 


The imputed rentals on capital are obtained as follows. A capitalist 
can purchase one unit of capital at the beginning of period t for Q dollars 
and then rent it to a firm for one year collecting a rental of R, dollars. 


At the beginning of the next period only (1-6) units will be left 


because depreciation will have taken 6, so he expects the capital to be 


worth (1-6) Q,,, where’ Q is the price he expects at the beginning of 


t+1 


period t+1. In addition he has to pay taxes on his taxable earnings at the rate 


Ws his expected taxable earnings being R. 2 v5 Qed where v, is the pronertion 


ea a 


bphi tab wT ¢ 4 : ve) bai ais r-. : Ss 4 5 as é nur “i ! 


pratt 35, Tlew, =r wn 2a. 


TU 


id : : i ae 
G2). tron ‘hos 04) etaod 4(V) 2iteae av 


hay ’ 


; Fo. ealiginoy tugtseary GY 3 


ue 4 “Shidw feniteb stow ("1 wr gttl 
vie a 


alee bert eb 


irs 


eizeiJet? “wdevert ovbosope) atk Sat SW ESTER foi isiosige viarde 0 : 
(Liar? bar (es 2450 Sidg-<£1 967) #8Vvil Dinteress OBR tSy 6 tied botinbese 


ee MAT NePsinoxgeb Sivsenoeg of) atguis @yiauet .orebssove apis eC 


SDR 2h 


“| 
= 
\) 


3% yd Bebivete stl camping \Sgateyn aii? =| cures alee 


SPS 26 FlUci is €aw ofey mitPisetyeb Senteve We Grolaivelb leita: tf sn9gs.toF 


i 
M-22 GAIGIVSthD sraw ybuta ins2yiuy SAP Aa Deep avons: | 
EDIE? \sa7- py Relpw om 9287, MO; Tetoorgqot vote @ ant 
1=J x 4 
[-7 4 
tig © MMS STeL MOLI SLOSTYSS ev af 6 G2RPRTEOVNL 22019 [eyt 2) | evarlw 7 


volte linia Sdr24 OF Medes zen Adore saad ong on STShW DHS ,istiqso io eepemmiy’ © 


i} privn gad ary iuphea oily 2i a 9304 ,eses ho bae 34% te dy te w indeed 7 


at ber 201 S16. TSSy sis SUD Koete Teds 67 enoutibhe SMiljeae Dw has q boiveq 


peteLet” hol 'towlong of 
iaLigsiges A .éwoilot 26 bentasde ane Les iges MM etarnes SeTuqi eff 


are bok 2 3 & boireg Yo gh anlged sit se Lstiges to sia nao seonsiwg nas | 


eel Lob 3" to fgtnss & gnitoelios 89% sto vol wef? s o9 2b sa5% orls bas 


- * . F 1 
J29l od tliw etiny (d=). glao botzaq Sxgn-ade t¢ girivtiged aft 7A 


od oF Letiqns sty agogque. sfide ,2 tetas — “> Ere oe 


Sehr eaieuieamnhene | pe 


ee Per ee ee 


hig ti mee 


of depreciation allowable for taxation. Thus the expected net value of 


buying the capital good and then selling it next period is 
io ~ ; : ~ 
Sg aed ASPEN eer ee rena mC yeh 


so the expected rate of return is 


TF Bent 1159) Qeng cat pitens Vis8 Qe ji gael 
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and the 


Given a rate of return Ths the purchase prices Q. and Q 


t+l 


parameters 6, U,» V, we can cafculate “the rental R, which will yield this 


rate ‘of return Th. We assume owners of capital have some rate vr, in 


mind when rentals are formed - in fact if everyone uses the same vr, then 


competition in the capital market will alter rentals until the equality 
fies. Lovattained.. 


Thus we rewrite 3.2 as 
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It is assumed that T, is the ex post rate of return on all capital 


types within the industrv in question. If the capital types are 
-subscripted by i then we form ee gs follows 
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To calculate the rate of return an each of the terms in 3.4 need to 
be evaluated. l'or present purposes it is assumed that price expectations 


~ 


are static so that we may set ee, = Lets The term : Ro, Kit is 

taken to be the rental bill in the industry in question, obtained by 
substracting the estimated wage bill from gross domestic product at 

factor cost. ‘This attributes all rental earnings to fixed capital an 
overstatement since land and inventories are ignored. The tax rate u, 

is computed as a weighted average of the corporation tax rate (in aggregate) 
to the personal tax rate the weights being the proportion of rental 
earnings attributed to corporations and minus this proportion. The 


revised National Accounts provided the information required for this 


AIS SS ees a : oi Qi tt Kit was taken to be the capital 
consumption allowance in the industry in question, this unpublished 
information being made available by Statistics Canada. The remaining 
terms were computed using above mentioned data. This imputed rate 
of return was then used in 3.3 to compute imputed rentals. 

This. completes. the data description., In. summary, for 
each industry (division) we have a series on output, wage tates, hours 
worked, rentals on each capital type, and capital stocks for each 
Capital, type. Prion to estimation the data was adjusted such that all 


factor rewards were normalised to unity in 1961. 


Ape ne SUL S 

For each industry we estimated the factor demand function 
system by ordinary least squares and used these results to compute an 
estimated covariance matrix for the residuals. This estimated 
covariance matrix was then used to estimate the demand system by 
generalised least squares under alternative parameter restriction. First, 
no restrictions were imposed; second, symmetry restrictions were imposed; 


third, symmetry plus no output coefficients; fourth symmetry, no output 
1 <4 


coefficients, no time coefficients; rifth, io optput coefficients; sixth, 
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no time coefficients; seventh, no factor rewards coefficients. Table 1 
provides a summary of the results in terms of the various restrictions by 
showing the calculated F values for the test of the hypothesis that a 
restriction set is valid. Below the F value are the degrees of freedom 
in the numerator (equals the number of restrictions) while the degrees of 
freedom in the denominator are provided in the last column. Beside the 
Pavanue’,. In parenthesis, 15° the level tor significance at which the null 
hypothesis is accepted. No such value means that the F value was 
Significant even at the .001 level. 
4.1 Symmetry 

As indicated in Table 1 the symmetry restrictions on the 
parameters were rejected in all industries except three - Forestry (2), 
Transportaion (7) and Trade (8). This implies that, conditional upon our 
data and model specifications, we cannot accept the hypothesis that there 
exists an aggregate industry production function for the remaining seven 
industries. Of course, various explanations may be offered. First, we 
are aggregating over disimilar sub-industries producing different products 
with different production functions. In such cases the aggregate demand 
functions for labour will be mis-specified. This is true even if each 
sub-industry has the same functional form for the vroduction hence cost 
Eercon: | Second, our use of value added as the output varia®le loses its 
validity if the prices of the outputs and intermediate inputs do not move 
in direct proportion to each other, for then we are not able to make use 
of Hicks' composite good theorem. Third, it may be that costs are not 
being minimised so that individual firms are not on their theoretical 
cost functions. One reason is that full adjustment of actual stocks of 
capital to desired stocks takes time so that firms are often heading towards 
their desired stock but are seldom thee for very long. This possibility has 
not been examined in this study. Fourth, we may have mis-specified the 


functional form or may have ommitted factors which should have been included or 
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Table 1 : F-values for Restriction Tests 


ee a Prices 
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(q) means not significant at the g level but significant at the next highest 


level. The levels considered are 0.001 , 0.01 , 0.05 , 0.10. 
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may have estimated the factor rewards and input quantities incorrectly, 


Whatever the reason, given the data base, we should be hesitant to treat 


industries as if e : | 
ries as if they have a well behaved production or cost function analopous 


to that of the individual Se ec neee 

Suppose that we ignore the results just obtained and simply assume 
that aggregate production functions exist and carry out our estimation under 
this maintained hypothesis. Then it is appropriate to impose symmetry 
restrictions right from the beginning before the estimation of the covariance 
matrix for the disturbance terms. This was done for the ten industries and 
the results are rather disturbing. 

In all industries except Forestry (2), Finance (9), and Services(10), 
the estimated demand functions yielded negative estimated input-output coeffic- 
ients for most observations of factor rewards output and time for at least one 
and often two factors of production. In these industries there were "bad'' estimates 
for some of the remaining factors meaning that the inputs were consistently 
over or under-estimated. All this, despite a very good fit in terms of the 
"transformed variables''. The reason seems to be as follows. Under general- 
ised least squares different weights. are given to the errors in the various 
factor demand equations. At the same time the equality of parameters ecross 
equations (symmetry) is forced. Thus some coefficients are effectively determined 
by one factor equation given high priority, aten imposed on another equation 
whose errors are given low priority. Thus there is the possibility, more than 
adequately demonstrated in the present empirical results, mes the fit for one 
or more equations is very bad while the fit in some equations, given high pri- 


ority, is very good. Here the good fit was given to labour in general. 
) 


Imposing the symmetry conditions before estimating the covariance 


matrix must have itself generated a covariance matrix which gave wide differ- 


ences in weights to the various factors. In comparison, when-symmetry was 
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imposed after the covariance matrix had been estimated from ordinary least 
Squares, the input-output coefficient estimates were never negative and 
always ''good" providing reasonably close approximations to the observed 
input-output coefficients. 

If this explanation was correct, we would expect, on the basis of 
Table 1, that industries 2,7, and 8 would yield good fits under the maintained 
hypothesis of symmetry. However, only industry 2 (Forestry) in this group 
yielded good results while two industries outside this group - 9 (Finance) 
and 10 (Services) - yielded good results. 

One other feature of the results should be noted. The unconstrained 
generalised least squares estimates showed that quite often sign Bi si gn Bes 
both B: and Bas being significant. 


4.2 Other Restriction Sets 


Clearly when symmetry is rejected the addition of the homotheticity 
restriction and then the addition of no technological change to the symmetry 
restrictions will generally also lead to rejection of these enlarged restriction 
sets. The results are shown, for completeness, in columns 2 and S in‘Tabile 1. 
Even where symmetry was accepted, symmetry and homotheticity were rejected 
convincingly. If we test for homogeneity under the maintained hypothesis 
of symmetry given the estimated Ryn ante matrix estimated without symmetry, 
then we can accept homogeneity of the production function for Fishing at the 
‘Gee evel and for Mining at the’. l-vevel>*™in all other cases homogeniety 
is rejected at the SOOT ‘level: of Significance.® Thus °in’ most cases*we must 
reject the collection of hypotheses - identical technologies for firms, the 
possibility of inaction, perfect competition, and free entry - used to 


justify constant returns to scale at the industry level of aggregation. 


This rejection is, of course, conditional upon our data and model. 


a 
oan. 


’ e 


ae 
+e Aer 


eae 


ac afraid alt fo ,»Deqxe Bitlow ww’, 2977" nw Holdem hata aid be 


| | Pte 

rede Siz DFA! e7 it baog bis 5 tudw DUn & wee? Se tI beobnl u wt] : 
' 2h 

ra more ero Wh (yEvaerGs) (S$. wetavbire »y btn Loved “yes eonmicha ¥e ote 

} 


7 (sores) ), @ = cijotp |efa9 ob telve Pa gL InW et eae 


i . ‘ er 
hei in TeOO0Y Of) b jon od bf: ic Juve a4 : : (ofard 


4 We =. 8 ole neste ethic rit be mcte rupe yest Dee 
‘ ‘ ; 


vein 7 (vt f ' ' : + +7 : ithe ye Ts ’ , + sifor ee . it felt ou 
weramirre. wi 7 yore r OLoninse) on OD Feit ate nop>ats 


" oe ~~ &§ a ‘ Pa” 
nOITS T3325 (‘ie georns ngt OL “ORL . ey 2. EW ira 


aldeal. 3 wie (i Wile 


i : : 
Wry wo a} PI Sp th noi! me "ej b arith Pe 
2 
#igasir7o 1 boniagnat ha 44% TOOM VITSns hci —_ i ST 
al co - « 
(elaanee PUA tw bosganetia, *taram Soanins 


iT isu t : a4 nove g vam 
er cut a 


Yo ieegaion, 2eare (Terre, Uh Al. ahereli. edt ko ovieil ee bee Lig 


wig de geiidel? yo? aétfor-A noltouboye si)ly +0 


eh? Go eses) Jeom wp ae = 6«gonestetovie to fsvel fol BAy rf Se? 
of od? amet? 104 2sinotorrses Deo TSG le aeeantodys 2 iy IS hg 

a -_ a 7 
<0) 2 haeTeON TO hss Nia hee iad 74 ohio 3 liad ae ‘The : 


ue ic ma poe a eee 


. a7 Hee - tio@ seq? Hite! MOLT izaqings 1902456 MOLIIKM 


Column 4 of Table 1 shows the calculated F values for testing the 
hypothesis that the input-output coefficients are independent of the output 
level without symmetry being imposed. This yn atieede is acceptable in only 
two industries, these being Mining (4) and Transportation (6) and in the 
latter only at the .001 level of significance. Thus on the whole it seems 
that the scale of operations does play an important role in determining the 
input-output coefficients. 

The following remarks refer to the symmetry constrained estimates. 
In Agriculture (1), Trade (8) and Forestry (2) there appear to be economies 
of scale with respect to the inputs. An examination of the output coefficients 
(See Appendix) shows that the significant ones are all negative for these 
industries indicating that the input-output coefficients decline as output 
increases. In Mining (4) and Finance (9) there are diseconomies of scale 
with respect to all inputs with significant output coefficients. In the 
remaining industries the effect of the output level has differential effects 
on the various factors. In Manufacturing (5) for example, optimal techniques 
become more labour intensive as output expands, while there appear to be 
economies in the use of building and engineering structures and machinery 
and equipment. 

Column 5 of Table 1 indicates that we must accept that technological 
change has occurred in all industries except Mining. The only surprise here 
is that the F value for Mining was not significant even at the 0.1 level. 
Under symmetry the labour-output coefficient in Porestry (2) Pushing (4). 
"fining (4), Construction (6), Transportation (7) and Finance (9) has declined 
significantly over time due to factors other than prices and output and 
which we might call technological change. Only in Agriculture (1), !fanufacturing 


(5) and sexy tees (10) has the labour coefficient increased significantly. 


aa 


sccrtadete ab apeerthenyd ebat 


me as nb Baw OW) adPsotvedznayl bie |b) noerese emcee 


ah : ; “4 
mien ti efodw arf ab eum) .soredit iis BO fovel. 00, ilgy At 


a ne 
~ giininrats> at sioy fnezrooms we ve Spl AVE TSaS rf 


iA Bik : 


34 Bee 3 leet ig }- 


e6famiften banitetrienas vidgamiwe and 1 Thier ev Tenet uf ba Ls A oun he 


> RBeRagnOo9 sd (Seq Toit «tS), Vetea ta? bn 4) S03 Ye nid 


a 


MaNOLsit teas satO sda Io KOLA HMENS WA’ e230 oF ey a no 
- 


seat ic (tegen (1a SaR Baim Iu: hed evwitte (x Harvey. 
7 Py 

+ phere hy . yeh Syne Lo Tigao.) FIO - Te it alisadbant) 2aa8 

~ i” 


otau> | iasseth st, sansa (0) sete i Ch). 9p a) oe 


ett: hd. -A3ne epi ads Stee ahd 2 dy fw eet ae oem 

4 + an - . : — va 
gisottu Ig iiovre? tid sed Geel rq iy to 7497) ihe ‘teubuk Sete 

FI * . - ; 

26L/ Poi" on MPNBKS TOL fs) Ye Po Ta LU TDED ANG Ray. oy, 
‘ 

ww ' ; eistis ena bisue3 ‘2 a r>jisgni ‘wOUEs Sm 

f 


§ 
. ; : A 


i rat gj ‘ ete SOUT 1? Yam P (rj 1 fi rf an ane nk ang beanie: 
Q 


THGEEES 


7 


jeninoiomts), tna tqsape: acai SW teilt Sata 7h ie! 16 2 tee 
Sian. o2¢ tut) sla mgt j aL, each oe I 17 


ii Tle ts nigeg) eae 


level [.0 ef! ge move thd tirgta 2 4 mt oorey 4 He Yul 


(fh) getdett ,(o} paaiPi ht InsiatTtueso" tueton-Aohdal on ad 7 


. 


- 


7 


y Peeper dco ona (2 aonean bak i i NeLroesy iRensy of} wor yes sina ita 


Cs: fies G ok coatiqn abATtenyo eiratesn? of: atl oars YO ae ne 


sat dedeaainioel cif) sotlesiagaA Wo YEA) -eyrmeds brotgufendees iia bi en’ 
a ew % 

Wi Laos? igs! beaedrani : snd PBS mule l | Olle sexe (940) ae ee 
- is op : 


Ray : i 


ay Pe 


‘inally we test the hypothesis that the input-output coefficients 
are independent of the factor prices (service prices) which is the hypothesis 
that the production function is "Leontief'. This hypothesis 1s rejected at 
the .001 level for all industries except Forestry (2) and‘for this industry 
it is rejected at the .05 level of significance. This result indicates that 
it is necessary to take adequate account of factor prices in questions 
concerning the structures of factor markets. Changes in relative factor 
rewards will alter the demand for factors to a significant extent. Studies 
using Leontief technological matrices can be regarded as providing first 
approximation answers at best. 

It may be argued that the test for a Leontief technology should 
be tested against the maintained hypothesis of symmetry. Conditional upon 
the covariance matrix used and upon symmetry the hypothesis that factor rewards 
donot anfluence the input output coefficients was tested and rejected fat 
the .001. level for all but three industries. «Ihe hypothesis 1s acceptable 
at ithe “SolPlevyel ‘for Forestry; (2)5-at the .0OL evel form trade (o)y aneeat 
the .1 level for Finance (9). If symmetry is imposed before estimating 
the covariance matrix. then the hypothesis is acceptable for tvorestry alone 
aid only*at*the .01 jlevel. 

In summary, all of our restriction sets have been rejected with 
relatively few exceptions. From a theoretical viewpoint the rejection of 
the symmetry restrictions is most significant. 

The last column of Table 2 contains the elasticity of demand for 
labour with respect to the wage rate, evaluated at 1961 factor rewards, output 
and technology index (time). The estimates derived from the unconstrained 


model and from the model under symmetry restrictions are provided. 


ves 


ahs < 


okt , 
a) ; a : 7 
+ 


5 
on iu es 


ay 
ae 
Siurosias ar hae oil) el Yas: Mei non 


be 


pid r Side. Tot bas (0) vureoro tqesxs 2a fs: icat a ta ne 


a 
<i0d? 2e355 tbl Thyeet 4iel .ascavitineit 70 feval 2g, alte i 


; ; 4 hae 
ShOULJSEOUN Rs @Aoattgy POTS 10 thnvuasss STeisSvEe 4 ed oe ate 


\ P F ; 4 P 7 ‘s 
i Wayoet evitstiot nl eegna> -<ctoAdtam rorsel to esturoney? lak . 
Tr ee ee eee } _ , . a 
SION meIzs8 Inkogithetz 8 oF. 2i0t>et 10? bretish’ srg tosis the i 
_ve 


7 


$22 i% ynibivotq 26 belyrend': 4d nes eeoiraem iso: Oloninet Pesan 
ik SySwerrk nok 

alyate ynotemivey Toisas.) Kh +0% oF 5H?.36 DOVE Ta OO OAM 2a 
porn [unei’chbad? |'.¢4s Me 20 apesavanyd heanl & tintie jéntehe hogy 2a) 
a ce 


Sbyewet tosh? 2e8Ad7 efeaslroqy a eerSomnre ron . tal. oer 
S30n tev 


* | 5 uj 75° ¢ 3 > ei tales al “rf 47 rf “4 ’ . d ‘ip 7 
id ei J i] i r ‘<c > tT ohs ud . q te V5), COG «| 

- : ' : 

ri mis, {ft eT} LSVou Ws Silt 3 anal, & ; ri l4ye6l it, «4 
. pletcull e 
pink} 6") a} ij Saoanrnre?- > f vVrgsamnnve. 3 Sts pa ry ‘7 boved fe ’ , 

> J . = gs % 7  r- ; Te : ss » » =e ’ a/ at | 

oHole Y“rteastad cot ofdei RS355. Aroeres cv! ee Nlatice aa 
9°05 . ons? se tine 


ie 


MJ2" Dots29tet Head sys 2722 NOTIsart leg “yi mua , VY Bm et 
~~ = é 7 
fa, NOIsSelut ofs Iniogvelw Iaotesrosh) gs mo 2 ivqeoxe wed a 
- ° & 


PP ist Ci Lngte Seow, eh 20s iyVs2Sy 479 oie 


, miadsd tot 29h falters 
w« i i» Ee * z 
702 Ghenwh Ao yoisiyeete sft stings & afdet ko manlos tail sit. 


; oo eV is 
ee /ENTOWST TOTS? JORL Be betel evs. (ones SsoBy’ at v3 ney (giw 


hacia ‘?renosnmy sit mor? heviish becuse teh fee?) KODE aN ¥¢ 


: +a Osbivate sts anergy iste vq" a 1G) 
_ é ae sane 


7 
ra 


Seay = 


TABLE 2 


CROSS AND DIRECT ELASTICITIES 
OF DEMAND FOR LABOUR 


1. AoTa Cultire 


Fishing 


2a. Srorestry 

4, Mining 

eo lanvtacturing 
6. Construction 
7. transportation 
So: - |rade 

On. Finance 


10. Services 


Note: Elasticities of the estimated demand functions are evaluated at 
1961 factor rewards, output, and technology index (time). The 
estimates for the unconstrained model are followed underneath by 
those for the symmetry constrained model. The * denotes significance 
at the .1 level for the conditional estimates (not given for labour). 
The column label L denotes the factor labour. For a description 
Of the ‘other labels see=section 3.5.01 the tex, 
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For two industries, Transportation and Finance, the labour demand 


elasticities are positive contrary to expectations. However once symmetry 
is imposed negative elasticities are obtained. 
One of the striking features of the results is the inelasticity 
of the estimated jabour demand functions. The most elastic case is Agriculture 
where the elasticity is just -@.89 and, in the restricted model the most 


elastic case is Mining where it is even lower at -.45. One explanation for 


these "low'' results is that we cannot expect the demand for labour as a whole 


to be inelastic. This is because labour is really made up of various types 
and some types are complementary with capital, and, the more complementary 
labour is with capital the lower will be its own price elasticity. 

The results indicate that perhaps labour as a whole can benefit 
by exercising monopoly powers in the labour market as long as output is not 
adversely affected and as long as induced technological change does not react 
against labour. In addition the results indicate that large changes in wage 
rates may be required to induce increases in labour demand required to reduce 
unemployment. In an economy such as Canada, where wages tend to be flexible 
only in an upward direction inelastic labour demand functions could therefore 
mean prolonged unemployment. 

The elasticity of demand for labour with respect to changes in the 
rentals on the various capital types is also provided in Table 2 for both the 
unconstrained and the symmetry constrained models. Again we see that the 
elasticities are smaller in absolute value in the symmetry constrained model 
than in the unconstrained model, while they often change sign. This is due 
to the fact mentioned previously, that the unconstrained model often yielded 


estimates such that sign Bi; # sign Bjis Forcing the equality of these estimates 
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tends to push them towards zero. The symmetry constrained estimates show 
that the demand for labour is inelastic with respect to all factor rewards 
and generally most elastic with respect to the wage rate in all industries. 

If we interpret the estimates as conditonal upon the factor rewards 
and the input-output coefficients® then the hypothesis that an elasticity 
is zero may be tested using the student "t" distribution. Table 2 
indicates that labour demand is related significantly to the rentals of 
the various capital types in the following way. Labour is substitutable for 
machinery and equipment in all industries except Fishing and Trade using the 
Symmetry constrained model, a result which one would expect at the industry 
level. However, in Mining and Manufacturing the unconstrained model shows 
Significant complementarity. One explanation may be that skilled labour is 
complementary with machinery and equipment and that this effect dominates 
any substitution with unskilled labour. In Fishing, labour is a substitute 
for vessels (V) and boats (B) but is complementary to machinery and 
equipment. The demand for labour seems to be negatively related (complement) 
to rentals on building structures in Transportation, Finance, and Sales which 
is not unexpected. In Mining the relationship is positive while in Manufacturing 
the two estimates conflict as to sign. The influence of rentals on 
engineering structures upon the demand for labour is mixed in sign for 
Mining, positive for Manufacturing, and negative for Construction. 

In summary, it appears that the influence of capital rentals upon 
the demand for labour differs from industry to industry in both the sign of 
the effect and in its significance. If this is true then it 1s important 


that demand functions for labour be estimated at the lowest possible level 


of aggregation. 
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Table 3 provides the estimates of the Hicks-Allen elasticities 
of substitution for 1961 together with the estimated factor shares. The 
Significance of the elasticities, interpreted as conditional elasticities, 
is also indicated by the asterisk. 

We wish to have the estimated cost function concave and monotone 
in factor rewards throughout its domain. None of the estimated cost func- 
tions exhibit these properties since not all of the off diagonal coefficients 
(hence substitution elasticities) are non-negative in any industry. However, 
monotonicity is obtained at all sample points as is indicated by the non- 
negative factor input predictions (not recorded here). Monotonicity was not 
obtained however, when symmetry was imposed before estimating the disturbance 
covariance matrix as mentioned above. Concavity at the 1961 sample points 
was obtained in three industries - Forestry, Finance, and Services. When 
Symmetry was imposed from the beginning concavity was satisfied in 1961 for 
these three industries and for Mining. 

We have already discussed labour-capital substitution so here we 
concentrate on capital-capital substitution. In Agriculture we get the 
result that vehicles are complements to farm machinery and very strong 
(93; - 4.74) substitutes among themselves. In Fishing gear is a substitute 
for, while boats are a complement to, machinery and equipment. It appears 
that in most industries machinery me equipment substitutes for engineering 
structures where the latter occurs. The relationship between machinery 
and equipment and building structures is one of substitutability in Forestry 
and Trade and one of complementarity in Mining and in Finance. 

One interesting feature of the substitution elasticity estimates 
is the prevalence of apparently (no tests have been undertaken) strong sub- 


stitution and complementary forces. By strong it is meant that elasticities are 


| 7 . : j | : : . EBs ier! oe . 
give : had Ve a Pre. a 
gitivizicts neice iM ails Yo «dings odo ong E 


‘aut. ners dé Toston? bebe Pre a9 AtiW tadtsgo? sai ter 


y 


Fos t= 
steno mir bo aiag 


. 
=” ox rT a s 


) faigstes St vo hotsodhme®. a 


Sicivesia (Psnoftrhnas zo-hetoerriatn 


7 Shotodem bre avaorce acitonh aeoo betamideo ol svar. feiw ol 
f 
a : 
* =O089 froo betamiyas efit to-ono4 ot tamtobe 2?! hauotHd zhiB Wye +0 
te 


- i} 
- aepersittess [sncgsibh Viw alt Ic ig Jon sone, do siTsqosg, Seong sda 


o 


 \eOVeWGH wet teh a FEN f4 Bal iy te {4oftfottes is noises rede. eh 
ton ot yd betezthni 2i 26 23ctoq ofumse [le ts Santas Bi vitPod < 
fon-zaw VitoinotaneM °. (ereil bebtoo yt) oliothete tq, 2apoee Se —_ 
Sodedivizib sAt paiseuis e7obed bez ur ; vit rriw |, TSvawon baniste 
nin: nae ry Fives! aVade bagel ti of KEEN eine dts na 
(rs uivtse bre.» ) ‘T! zsietebal sui Ab ieee 
i027 | LE: : LvVBonb: ) 7? Lezogn) asw wage 
rici’ +07 bee 2$)i372u0bnt Soc 
ow aed : iteduz lattand-tuodse! bee owoeth vbgeria seenoer 
rit ; iriugr TO £7 oral [er cyHo-Lediqso fio of aytnan oy 
Nite bre ekxs shin wire 3 2tnenS loop Bre Sslatiey dd, Tides c. 
‘ 
omve: : | a Vv Loenarls howe Meads brads. (aT Bb « vhs 
athens J! Situps bat “crsnidasa ,o7 2penélqioo & sec 2Jeod el inv, 
anrrop; re -evUTiI edna Jasmqivos ba WeSsaisee Serxtcibws: Jed wae 


Ww) 3 vi 


Si | fs ow? a obese t ace i avi 2tHo90 THTSE! Silt ey Hs lw eargurs 


VIVesro) te FICS estenti2 to sho zypee vues gachtiud bre ree Lupe | 
: a _ 


SBMS el’ bite meting fh dads aon 29 nw brs bes 


si daieatity 3 “yi 
ma: 


> 


. eviamites yTigijegis agisuvitedue. ad? to rere 
| 5 eh: 
“Gye ynorte (weiestebdu aged oust 29294 pie 


a : 


tieele sere sen ei 2 ons ue! 
oy 


eee 


TABLE 3 


HICKS-ALLEN ELASTICITIES OF SUBSTITUTION AND 
FACTOR SHARES - 1961 ESTIMATES 


ae RN TE 


Zé 


1. AGRICULTURE BS FM Pye CV L 2. FORESTRY BS ES ME L 


. BS. FM L 
2198331 Vie. at Siti ee ee 
-1,10 -3.68 28, 64 -1.51 -.08 - .003 
5.99 4.74 .16, =2 702 a 
=5 22 .74 onh2 
=—94 
053 164 .040 047 696 .015 .039 .083 863 


(concave cost function) 


3. FISHING ME V B G L 4. MINING BS ES. ME if 
* * * * * 
13.49 -2.75 -5.36 4.94 - 87 fies! -1.82 O07 ee 
-1.39 -3 88 - .98 aot -1.48 2.26 See 
6.88 -.72 =157 7 -5.72 102 
hi) 02 -1.05 
- .30 
.034 ~b15 123 197 rool O72 2950 10 .428 
5. MANUFACTURING BS ES ME Oc L 6. CONSTRUCTION BS ES ME 1g 
* * * 
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where see is the Knonecker delta. In five industries there is at least one 


factor whose elasticity of substitution with labour is greater than unity. 
Increases in the rentals on these factors will therefore increase the share 

Or the pie. accruing to labour (and wice ores As an example where labour 
might increase its share by demanding higher wages consider the Manufacturing 
industry where the direct elasticity of demand for labour is (symmetry assumed) 
».15 from Table 2 while from Tablé 3 Jabour's estimated Share as 20 560; 


Since €., + (1-6, ) = -.13 + (1-.66) >-0 labour can increase its share through 


a higher wage rate. A similar result holds for all other industries with 
the exception of Construction where wage changes have no effect upon labour's 
share. 

It is, of some interest, to compare the present -resnl ts to: 
Manufacturing with those obtained by Kotowitz (1968) using a CES (constant 
elasticity of substitution) production function estimated for Canada over 
the period 1946-1961. The conclusion of Kotowitz (1968, p. 623) is that 
"the value of the elasticity of substitution for total manufacturing 
is between .3 and .5 and is significantly different from both zero and 
one.'"' There are at least two problems involved in a comparison of this 
result with our results. lilere the elasticities of substitution are not 
independent of factor prices as with the CES model, and also the present 
study involves not one but several types of capital. We simply take the 


estimates for the 1961 sample points for comparison and define an aggregate 
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where the subscript I denotes labour, the subscript K denotes 

aggregate capital and 0. 15 the sharéeiof factor. 1° an the total Conte 
This definition states that the aggregate elasticity is a weighted average 
of the individual capital-labour substitution elasticities and it satisfies 


the relation 2. 6. + O 6 eee 


Calculation of OK according to 4.2 yields OK > 0.39 which 
is not inconsistent with the elasticity of substitution estimated by 
Kotowitz. But it camouflages the fact that there is a very strong substitution 
between labour and operating capital and a smaller substitution between labour 
and engineering structures. 

Estimates of the aggregate canital-labour elasticity of 
substitution for the various industries in 1961 are provided in Table 4. 
All of the estimates are between zero and unity and seem to be highest for 
Construction and Mining and very low in Transportation and Trade. 
5. Summary 

Factor demand functions and hence the cost function and the 
production function were estimated using annual data for ten industrial 
divisions in Canada. The results indicate very low elasticities of demand 
for labour with respect to all factor rewards. Also the results. show that 
labour as a whole can raise its share of the factor payments by raising the 
wage rate relative to the rentals on capital. In general technological change 
has played a significant role in altering the input-output coefficients while 
the scale of operations is indicated by the output level has also been 
significant. Finally, the existence of industry production functions seems 
doubtful in light of the rejection of the hypothesis of symmetry though this 


conclusion must be qualified because of the aggregation of labour to the one 
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of imposing symmetry suggest that economists should be wary in applying 
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APPENDIX A 


The following tables give the parameter estimates together with 


their Student "t'' values for the model estimated with the symmetry restrictions 


imposed. 
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APPENDIX B 
The following tables provide the unconstrained (ie. symmetry 
not imposed) for the demand functions together with their Student "'t"' 


values. The notes in Appendix A concerning the labelling apply here 
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FOOTNOTES 


* Assistant Professor in Hconomics at the University of British Columbia. 
This research was financed by the Research Branch of the Department of 
Manpower and Immigration, Canada, hut they are not responsible for any 
opinions or errors contained in this report. 


[ have benefited significantly from discussions with W.E. Diewert 
and T..'. Wales. [Expert research assistance was rendered by K.R. Wales and 
A. Spenard, 


1 See Diewert (1971), pp.495-496. 


Ca | 


Z For a.lucid account of the Zellner procedure within the context of a 
system of equations involving linear parameter restrictions see Thiel (1971). 


3 The National Accounts were provided by Statistics Canada. Further 
revisions are currently (September 1972) being made so the accounts, when 
published, ill not be the same as those used in this study. 


4 These estimates were kindly provided by W.E. Piewert and K. Scott of 
the Department of Manpower and Immigration. 


bs) This information was kindly provided by L. David of Statistics Canada. 
6 Parks) (197 1). ples, wnakes use Of tthe; concept, of a: conditional 


estimate in order to test elasticities of substitution. The same 
reasoning may be applied to elasticities of demand. 


fh This seems a natural definition to make. It is well known that cost 
n 
minimisation implies that 2 ae e = 0 for all di=1,++.,n so we would 
i 1 
like any definition of the aggregate capital-labour substitution elasticity 
(o) ] 7 O 8 + G6 ) - . ' . t : 
LK to satisfy the analagous relation LLL LK K 0 Takang factor i 
5 8 s) 
ee Cup i Os es Neo aye: + Cs 
as labour we have that 0 + ie ; OL L is oj j oT ie ( 1? 
haa ape 
y eae) from which definition 4.2 naturally arises. Definition 
4L 


4.2 of the text is, of course, consistent with the concept of an aggregate 
capital-labour substitution elasticity in a situation where all capital 
rentals vary in strict proportion, that is when capital is a Hicksian 
composite factor. 
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